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Hyper-ideals of multilinear operators 


Geraldo Botelho* and Ewerton R. Torres 


Abstract 

We introduce and develop the notion of hyper-ideals of multilinear operators 
between Banach spaces. While the well studied notion of ideals of multilinear op¬ 
erators (multi-ideals) relies on the composition with linear operators, the notion we 
propose, by considering the composition with multilinear operators, explores more 
deeply the nonlinear feature of the subject. The results we prove show that, al¬ 
though more restrictive a priori, hyper-ideals enjoy nice general properties and its 
theory is rich enough to provide distinguished examples in every situation where 
the corresponding multi-ideal fails to be a hyper-ideal. 


1 Introduction and background 

The theory of ideals of multilinear operators between Banach spaces (multi-ideals) was 
initiated by A. Pietsch ED] as a hrst step to take to the nonlinear setting the successful 
theory of ideals of linear operators (operator ideals). Since then much research has been 
done in this subject, we mention just a few recent developments: [D s n El n m m ESI 

EH Ea [271 ED E21 [331135]. 

In this paper we introduce a rehnement of the concept of multi-ideals, which we call 
hyper-ideals, with the purpose of exploring the stability of the class with respect to the 
composition with multilinear operators, rather than with respect to the composition with 
linear operators as in the case of multi-ideals. To be more precise, let us recall the dehning 
property of multi-ideals: a class M. of multilinear operators enjoys the multi-ideal property 
if, in the following diagram. 


Gi X G2 X ■ • • X G 


u\ 


U2 


El X E2 X ■■■ X E„ 



H 


Ui,U2, ■ ■ ■ ,Un,t are continuous linear operators and A is an n-linear operator belonging 
to Ai, then the composition t o A o (n^,... ,Un) belongs to Ai as well. The following 
question is quite natural: once we are in the multilinear setting, why not considering the 
composition of A with multilinear operators on the left-hand side? This leads us to the 
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consideration of classes H of multilinear operators enjoying the hyper-ideal property: if, 
in the following diagram, 


X • • * X G771;,) X {Gm\ + 1 X • • * X X * • • X (G^nn —i + l X • * • X Grrinl 



Bi,..., Bn are multilinear operators, t is a linear operator and A is an n-linear operator 
belonging to "H, then the composition t o Ao (^Bi, ..., Bn) belongs to "H as well. 

The hyper-ideal property has already been studied individually for some classes of 
multilinear operators, see, e.g., [m [311 [33]. The purpose of this paper is to systematize 
the study of the classes satisfying this property, which we call hyper-ideals. In Section 1 we 
develop the basics of the theory of hyper-ideals. Sections 2 and 3 have several purposes: 
(i) Many illustrative examples of hyper-ideals are provided, including classical classes such 
as compact and weakly compact multilinear operators, (ii) Of course every hyper-ideal is 
a multi-ideal; some important multi-ideals are shown not to be hyper-ideals, (hi) Deep 
distinctions with the theory of multi-ideals are established, for instance Corollary 13.31 
(iv) Whenever an important multi-ideal fails to be a hyper-ideal, we construct/identify a 
hyper-ideal that enjoys the properties, in the hyper-ideal context, of the missing multi¬ 
ideal. For example, as soon as we establish that the class of nuclear multilinear operators, 
which is smallest Banach multi-ideal, fails to be a hyper-ideal, we construct the class of 
hyper-nuclear operators, which shall be proved to be the smallest Banach hyper-ideal. 
This and other analogous situations show that the theory of hyper-ideals is rich and 
independent from the theory of multi-ideals. 

From now on, E, F,G, H, En,Gn,ri G N, shall denote Banach spaces over IK = M or 
C. The symbols E' stands for the topological dual of E and Be for its closed unit ball. 
By C{Ei ,..., En] E) we denote the Banach space of continuous n-linear operators from 
El X ■■■ X En to E endowed with the usual uniform norm || ■ ||. In the linear case we 
write C{E-, E). It Ei = ■■■ = En we write Ci^E] E). If F = IK we write C{Ei ,..., En) 
and C{^E). Given pi G Fj, ..., (pn E E'.^ and y E E, hy ipi ^ ipn <S) y we mean the 
n-linear operator dehned by 


(Pl ® ® yiXi, ...,Xn)= (pi{Xi) ■ ■ ■ iPn{Xn)b. 


Linear combinations of such operators are called n-linear operators of finite type. A linear 
space-valued map is said to be of finite rank if its range generates a hnite dimensional 
subspace of the target space. For the general theory of multilinear operators, see [21] [26] . 

Given 0 < p < 1, by ip{E) we denote the p-Banach (Banach if p = 1) space of 
absolutely p-summable F-valued sequences endowed with its usual norm || ■ ||p, and by 
ip{E) the p-Banach (Banach if p = 1) space of weakly p-summable F-valued sequences 
with its usual norm || ■ (see, e.g, [20]L 

Given a class "H of multilinear operators between Banach spaces, by we mean its 
linear component, that is, for all Banach spaces F and F, 1-G{E] E) := £(F; F) fl "H. 

A p-normed multi-ideal is a class A4. of multilinear operators endowed with a map 
II • \\m • t [0, 00 ) such that: 

• For all n, Fl,..., F„, F, (Al(Fi,..., En] F), || ■ is a p-normed linear subspace of 
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C{Ei ,..., En, E) containing the n-linear operators of finite type; 

• 114: K" —)■ K, 4(Ai,..., A„) = Ai ■ • • A„||a^ = 1 for every n; 

• The multi-ideal property: If A G Ai{Ei,..., E^] E),Ui G C{Gi, Ei), .. .,Un G C{Gn', E^) 
and t G C{E] H), then t o Ao [m,..., Un) G Ai{Gi ,..., H) and 

\\toAo{ui,...,Un)\\H < ll^ll • WMh- I|Mi|| •••||Mn|| 

(see the hrst diagram in this Introduction). The notions of normed, Banach and p-Banach 
multi-ideals are defined in the obvious way. 


2 Definition and basic properties 

According to the philosophy described in the Introduction, we start the study of classes 
of multilinear operators that are stable with respect to the composition with multilinear 
operators on the left-hand side: 

Definition 2.1. A hyper-ideal of multilinear operators, or simply a hyper-ideal, is a sub¬ 
class "H of the class of all continuous multilinear operators between Banach spaces such 
that for all n G N and Banach spaces Ei,..., En and E, the components 

U{Ei,...,En,E) :=£(Ei,...,E„;F)n-H 

satisfy: 

(1) ..., En, E) is a linear subspace of C{Ei,..., En, E) which contains the n-linear 
operators of hnite type; 

(2) The hyper-ideal property: Given natural numbers n and 1 < mi < ■ ■ ■ < mn, and 
Banach spaces Gi,..., Gm^, Ei,..., En, E and H, if Bi G C{Gi,..., Gmi',Ei),... ,Bn & 
h^{Gmn-i+i, • • •, GmA En), t G £(F; H) and A G ?i(Ei, ...,En, E), then toAo{Bi,..., Bn) 
belongs to l-iiGi,..., GmA H) (see the second diagram in the Introduction). 

If there exist p G (0,1] and a map || ■ |4: "H —> [0, oo) such that: 

(a) II • \\u restricted to any component 'H{Ei,..., En, E) is a p-norm; 

(b) 114: K" —)■ K, 4(Ai,..., A„) = Ai • ■ ■ A„|4 = 1 for every n; 

(c) The hyper-ideal inequality: If A G 'H{Ei,..., En, E), Bi G C{Gi,..., GmA Ei), ..., 
En ^ E{Gnnn_i-\-i, ■ ■ ■ i Gni^, En) aud t G Ei^E, Ed), then 

||f O A O {Bi, ..., Bn)\\H < ||t|| • \\A\\h ■ pill ■ ■ • Pnll, (1) 

then {EL, || ■ |4) is called a p-normed hyper-ideal. If all components Eii^Ei,..., En, E) are 
complete spaces with respect to the topology generated by || • |4, then {EL, || • \\u) is called 
a p-Banach hyper-ideal. When p = 1 we say that {EL, || • |4) is a normed hyper-ideal or a 
Banach hyper-ideal. If {EL, || • |4) is a p-normed (p-Banach) hyper-ideal for some p G (0,1], 
then we say that it is a quasi-normed hyper-ideal {quasi-Banach hyper-ideal). 

Remark 2.2. (i) It is plain that that every (normed, quasi-normed, Banach, quasi- 
Banach) hyper-ideal is a (normed, quasi-normed, Banach, quasi-Banach) multi-ideal. So, 
properties of multi-ideals are inherited by hyper ideals. For instance, if {EL, || ■ \\u) a 
p-normed hyper-ideal, then 

( 2 ) 
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(ii) Any hyper-ideal is a normed hyper-ideal with the uniform norm || ■ ||. In the case it 
is a Banach hyper-ideal, we say that it is a closed hyper-ideal. 

This section is devoted to the establishment of general proprieties of hyper-ideals, 
which are compared, case by case, with the corresponding property of multi-ideals. Illus¬ 
trative examples are postponed to the next section. 

As in the cases of operator ideals and multi-ideals, standard arguments give the: 

Proposition 2.3. Given a hyper-ideal define 

H{E^,...,En;F) ■.= H{Ei,...,En;Ef\ 

for all n E N and Banach spaces Ei,... ,En,E. Then ("H, || ■ ||) is the smallest closed 
hyper-ideal containing TL. 

If (Ad, II • 11^) is a quasi-normed multi-ideal and G Ef... ,(pn G E'.^, y E E, then 
Ti® - - - Tn® y belongs to M and ||</?i ®---ipn® y\\M = Wti ® ■ ■ ■Tn®y\\- Hyper-ideals 
enjoy a stronger property, which shall play an important role later (cf. Theorem 13.9^ : 

Proposition 2.4. Let {TL, || • ||^) be a quasi-normed hyper-ideal, n, mi < ■ ■ ■ < mn 
he natural numbers, Ti E C{Ei, ..., Emf), ..., G ..., Em,f) and y E E. 

Considered the mn-linear operator Ti® ■ ■ ■ y. Ei x • • • x Em,, —> E defined by 

Ti (g) • • • (g) r„ (g) y{xi, . . .,XmJ = Ti{xi, . . .,Xmi) ■ ■ ■Ti{Xm„-i+l, ■ ■ ■ , ' V- 


Then Ti (g • • • (g) T„ (g ?/ G ..., Em„', E) and 

llTi ® • • • g) ® y\\n = llTi g • • • (g T,, g |/|| = ||ri|| ■ • • ||T„|| ■ |||/||. 

Proof. Considering the linear operator 1 g?/: IK —)■ E given by 1 g y{X) = X-y, we have 

(1 g I/) O Im„ O (Ti,..., T„) = Ti g • • • g g y. 


As Im„ G 'H(™"*]K; K), from the hyper-ideal property of TL we conclude that Ti 
Tn®yE TL{Ei, ..., Em„',E). Using hrst ([2]) and then ([T]), we get 

||Tig---gT,g|/|| < ||Tig---gT,g|/||^ 

= \\{^®y)°Im„o{Ti,...,Tn)\\n 

< m ® y)\\ ■ \\ImJn ■ \\Ti\\ ■ ■ ■ \\T,,\\ 

= ll^ill • • ■ ll^nll • Ibll = ||Ti g • • • g g y\\, 


from which the desired equality follows. □ 

The series criterion for operator ideals ([18], 9.4], |29l 6.2.3]) and for multi-ideals [121 
Satz 2.2.4] works, mutatis mutandis, for hyper-ideals: 
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Theorem 2.5 (Series criterion). Let 0 < p < 1 and H he a subclass of the class of all 
continuous multilinear operators between Banach spaces endowed with a map || ■||'^: "H —?■ 
[0, +oo). Then (fH, || • 11-^) is a p-Banach hyper-ideal if and only if the following conditions 
are satisfied: 

(i) In e 'H(]K"';]K) and \\In\\n = 1 for every n e M; 

OO 

(ii) If C TL^Ei ,..., En] E) is such that ^ < C) 0 , then 

t=i 

OO OO 

A:=J2 e n{Eu ...,E„;F) and \\Af„ < P; lit: 

i=i i=i 

(iii) If n E N, 1 < mi < ••• < m„, Gi,... ,Gm^, Ei,..., En, E, H are Banach spaces, 
Bi G C{Gi,..., Gmi] El),..., Bn G T(Gm„_i+i5 • • • 5 Grrin'i En), A G 'H{Ei,..., En', E) and 
t G T(-F; H), then t o Ao (i?i,..., Bn) G Ti{Gi,..., GmG H) and 


We are not aware of any easy-to-find reference where the basic properties of multi- 
ideals are proved in detail. Some of them can be found, in German, in the dissertations 
[121 [22]. For properties of hyper-ideals inherited from multi-ideals, when the argument is 
very similar to the case of operator ideals, such as ([2]), Proposition 12.31 and Theorem 12.51 
we omit the proofs. As to the next property, we think it is worth giving at least a sketch 
of the proof. 

Proposition 2.6. Let 0 < p < 1 and {Q, || • ||g) and {Ti, || ■ ||^) he p-Banach hyper-ideals 
such that Q (ZTi. Then, for every n G N there is an constant Gn, depending only of n, 
such that 

\\A\\n<Gn\\A\\g, 

for all Banach spaces Ei,..., En, E and A G G{Ei, ..., En, E). 


Proof. Suppose, by contradiction, that there exists m G N for which no such constant 
Gm exists. This means that, for each n E N, there are Banach spaces e[^\ ..., Em \ Gn 
and an operator An E Q{E^\ ..., Em^ ■,Gn) such that ||A„||^ > 2"/^’n|| A„||g. It is not 

difficult to see that we can assume, wlog, that ||A„||g = So ||A„||^ > n for every n. 


Consider the Banach spaces Ei 




(n) 


1,..., m, and G 


0 . Now 


\n=l J 1 \n=l / OO 

let 'Kin '■ Ei —)■ E^^ and : G„ —)■ G be the corresponding canonical projections and 
inclusions, respectively. Calling on the hyper-ideal property we get 6„oAo(7ri„,..., vr^n) £ 
Q{Ei ,..., Em', G) for every n and 


^ ^ II tn, O A O {iTin, . . . , Kn 


\l< 


n=l 


E 

72=1 




pTlr 


Kn 


IP _ 


E- 

/ 072 


< CX). 


72=1 


As {Q, II • ||g) is p-Banach hyper-ideal, by Theorem 12.51 and from the assumptions it follows 
that 

OO 

A = Ln° Ao {Kin, ■ ■ ■ , T^mn) ^ Q{Ei, . . . , Em', G) C Hi^Ei, . . . , Em', G). 

72 = 1 
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On other hand, calling —> Ei, i = 1,..., m, and vr^: G —> Gn the correspond¬ 

ing canonical projections and inclusions, we have An = Tin o A o ..., and 

^ ^ ll^nll'K O Ao (yL\ni • • • i ^mn)||w ^ ll^^^ll ' ll^ll'H ' |l^ln|| ‘ ‘ ' ||^mn|| 

for every n, a contradiction that completes the proof. □ 

3 Distinguished examples and the smallest Banach 
hyper-ideal 

In this section we provide a number of illustrative examples of hyper-ideals, as well as 
important examples of multi-ideals that fail to be hyper-ideals. For each important non- 
hyper-ideal multi-ideal Ai we exhibit a hyper-ideal "H that generalizes the same linear 
operator ideal, that is = l-G. This is the case of the class of nuclear multilinear 
operators, whose solution in the context of hyper-ideals gives a full description of the 
smallest Banach hyper-ideal (cf. Theorem I3.9p . The examples and results given in this 
section, together with the ones given in Section 3, make clear that, whenever the theory 
of multi-ideals is helpless, the theory of hyper-ideals is rich enough to provide its own 
solution. 

Example 3.1. Exposing a deep distinction with the theory of multi-ideals, the purpose 
of this example is to show that the class Cf oi the hnite type multilinear operators is not 
a hyper-ideal. To do so, consider any scalar-valued multilinear operator that fails to be 
of hnite type, for instance the following bilinear operator: 

OO 

T; £2 X £2 ^ K , T 

i=l 

Supposing that Cf is a hyper-ideal, as Id^ G Cf{K;K), the hyper-ideal property would 
give T = Id^oT G Cf(^£ 2 ',^). This contradiction shows that Cf fails to be a hyper-ideal. 
As a matter of fact, the bilinear operator T is not approximable by hnite type operators, 
so the same reasoning shows that the multi-ideal Cf of multilinear operators that can be 
approximated, in the uniform norm, by hnite type operators is not a hyper-ideal either. 

The class is a distinguished multi-ideal in the sense that it is the smallest multi¬ 
ideal. As it is not a hyper-ideal, a smallest hyper-ideal is needed. Moreover its linear 
component should be the linear component of Cf, that is, the operator ideal of hnite rank 
operators. The example above gives us the hint: 

Theorem 3.2. The class Cjr of finite rank multilinear operators with the uniform norm 
is the smallest normed hyper-ideal. This means that, if {TL, || • Wu) is a normed hyper-ideal, 
then Cjr C "H and || ■ || < || ■ Wu- 

Proof. Condition I2.1f lj is straightforwardly checked for Cjr. For the hyper-ideal prop¬ 
erty, let t G C{E-, H), A G Cjr{Ei, ..., En, E), Bi G C{Gi, ..., Gmi! Efi, ..., and Bn G 
C{Gmn-i+ii ■ ■ ■ jGmpEn) be given. By R{G) we mean the range of the map G. Then 
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spani?(y4) is a finite dimensional snbspace of F, and since t is linear, spani?(t o A) is a 
finite dimensional snbspace of H, so 

spani?(f o Ao i^Bi ,..., Bn)) C spani?(f o A), 

what yields that t o Ao , Bn) is of finite rank, proving that Cjr is a hyper-ideal. 

Now let ("H, II • 11-^) be a normed hyper-ideal and B G C{Ei,... ,En) and y E E he 
given. Considering again the linear operator 1 0 y: IK —> E defined by 1 ® |/(A) = Xy, 
we have 1 (8) y G Ef{K; E) C ^{(IK; E). From the hyper-ideal property it follows that 

B^y = {l^y)oBe (Fi,..., F„; F). 

As any hnite rank n-linear operator is a linear combination of operators of the form 
B ® y and (Fi,..., F„; F) is a linear space, it follows that 'H{Ei ,..., En] E) contains 
Fj-(Fi,..., En] E). The norm inequality follows from ([2]). □ 

A deep distinction with the theory of multi-ideals is now clear, namely, in Definition 
[211 the containment of the finite type operators can be equivalently replaced by the 
containment of the finite rank operators: 

Corollary 3.3. Let LL be a class of continuous multilinear operators fulfilling the hyper¬ 
ideal property 12.If 2) such that each component 'H{Ei,... ,En;E) is a linear subspace of 
F(Fi,..., En] E). Then Cf CTL if and only if Cjr C TL. 

It is well known that the class J\f of nuclear linear operators is the smallest Banach 
operator ideal and the class C_\f of nuclear multilinear mappings is the smallest Banach 
multi-ideal. So is our hrst candidate to be the smallest Banach hyper-ideal. Next 
we see that this is not the case. The study of nuclear nonlinear operators goes back 
to Gupta [21]. In the multilinear setting, an n-linear operator A G F(Fi,... ,En]E) is 
called nuclear if, for each / = 1,..., n, we can find a bounded sequence {(p^^)fLi of linear 
functionals in F^', a sequence {XfifLi G and a bounded sequence in F such that 

CX) 

A{xi,...,Xn) = ^ Xj(pf\xi) ■ ■ ■ ipf’\xn) ' yj 
i=i 

for all Xi G Fi ,... ,Xn E En- The expression above is called a nuclear representation for 
A and the space of all nuclear n-linear operators from Fi x • • • x F„ to F is denoted by 
Cj^{Ei ,..., En] E). The nuclear norm || • : Cj^ —> [0, oo) is defined by 

{ CX> 

■ Wvj 

i=i 

where the infimum is taken over all nuclear representations of A. As mentioned before, 
(Fat, II • ll^jv-) smallest Banach multi-ideal. Its linear components recover the classical 
ideal of nuclear operators. 
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Example 3.4. Let us see that the class Cj^ of nuclear multilinear operators fails to be a 
hyper-ideal. Indeed, considering the partial sums of a nuclear representation of a nuclear 
multilinear mapping, it is not difficult to check that C In Example 13.11 we saw 
that Cf does not contain so Cj\f does not contain Cjr either. As is a multi-ideal, 
from Corollary 13.31 we conclude that does not fulfil the hyper-ideal property. 

Once the multi-ideal of nuclear multilinear operators is out of the game, we need 
another class to play the role of the smallest Banach hyper-ideal. Thinking about the 
linear components, this new class should be a multilinear generalization of the ideal of 
nuclear linear operators different from Cj^. Having this in mind, and inspired by the 
several nuclear-type multilinear operators introduced in Matos |25] and Popa [31], we 
consider the following classes of multilinear operators (we assume 1/cxo = 0). 

Definition 3.5. Let s G (0, cxo) and r G [l,cxo] be such that 1 < 1/s -|- 1/r. An n- 
linear continuous operator A G ..., En] E) is called hyper-{s, r)-nuclear if there are 

sequences G ig, (Tj)'^^ G i'!^{C{Ei, ..., E„)) and (2/j)^i G ioo{F) such that 

OO OO 

A{xi ,..., Xn) = ^ XjTj ® yj{xi ,..., Xn) = ^ XjTj{xi ,..., Xn)yj, (3) 

j=i j=i 


for all (xi,..., Xn) G El X • • ■ X E„. In this case we write A G C'n^^s,r){,Ei, ..., En] E). 
The hyper-{s,r)-nuclear norm || • \\chm^^ ^ '■ ^ [0; defined by 


= inf{||(A,)-i||. • ||(T,)-ilU,. • ||(%)r=il|oo}, 


where the infimun is taken over all representations of A as in (jHI). 

It is easy to prove that the series in ([3|) is absolutely convergent, hence convergent. 

In the case s = 1 and r = oo we have G £i and that the sequence (Tj)’^^ 

is bounded (remember that £^{E) = ioo{E) for every Banach space E). Thus every 
nuclear multilinear operator, in the sense of Example 13.41 is hyper-(l, cx))-nuclear. For 
this reason, hyper-(l, cxo)-nuclear operators are simply called hyper-nuclear operators and 
we write CnM instead of . It is clear that the linear component of coincides 

with the ideal of nuclear operators. Now it is clear that is a good candidate to be 
the smallest Banach hyper-ideal. We treat the general case before going into this issue: 


Theorem 3.6. The class (£- 1 ^^^^^, || • \\chm^^ j) of hyper-{s,r)-nuclear multilinear oper¬ 
ators is a p-Banach hyper-ideal, where ^ = 7 + 7 - 

Proof. Let us prove that the conditions in Theorem 12.51 are satished: 

(i) It is plain that In G £ha/'(^ ,.) (IK”; IK). Regarding as a representation of itself it follows 
that ll/nllx-HA/- <1- Assuming that ||/nllx^v^/• <1, there would exist a representation 

OO 

^ Xj ® Tj of In with ||(Aj)“i||^ • ||(Tj)“ < 1. But 

i=i 


1 = < 5^|A,| . ||r,|| . ||e,r < ll(Ai)“,ll. ■ < 1, 








a contradiction that gives ^ = 1. 

OO 


(ii) Let C ..., F) be such that Xl PjIIXa/ < Given e > 0, 

^ ' j = l 

for every j E N there are sequences {Xjk)'^^i E is, E i^{C{Ei,..., En)) and 


e iooiF) such that Aj = X X'fcX'fc G) i/jk and 

k=l 


||(A,,)r=il|.- ||(Xfc)r=ilU,.- IK%-;^)r=illoo < + 


Wlog, we can assume, for each j, that ||(|/jfc)^i||cx) = 1 and 



EIVI” = E EIVI” = E ii(v)r.iii: < (i+ef ■ E ii'^jiit^,„, < w 

j,k=l j=l k=l j=l j=l 

we conclude that G is- For each linear functional (p E {C{Ei,..., En))' with 

||(^|| < 1 we have 


Ei^(V)r<EiKV)?..iiv<(i+v-Eii-4jiih^, <“■ (s) 

j.i j.i 

Therefore {Tjk)'^k=i ^ .. • ,F„)). We already know that {yjk)’^k=i ^ ^oo(-F); so, 

for all Xi E El,... ,Xn E En, the series 

OO 

^ ^ ^jkTjk ^ yjk(y^l'} • • • 5 ^n) (6) 

j,k=l 

is absolutely convergent in the Banach space F. Then, 

OO OO OO 

^ X^kTjk ® Vjkixi, ...,Xn) = Y,Yl ^jkTjk ^ 2/j7c(^l5 • • • 5 ^n) 

j^k=l j=l k=l 

OO 

= ^Aj{xi,..., Xn) =: A{xi, ...,Xn) 
i=i 


defines A: Ei x ■■■ x En —)■ E and shows that dH]) it is a representation of A as in (P|). 
proving that A is hyper-(s,r)-nuclear. As \\{yjk)’j^k=i\\oo = 1 , from (|4]) and ([5]) we get 






p/s 


p/r 


< ((i + V'E 

i=i 


P 

111 C-Hj\r, 


(s,r) 


(i+V'Eiivii 

i=i 


p 

X-hM, 


(s,r) 
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oo 


i=i 

Letting e —> 0 we obtain the desired inequality. 

(hi) Let 1 < mi < ■■• < m„, A E , En, F), Bi E C{Gi,... ^Gmi'iEi), 

OO 

...,Bn E C{Gmr,-i+E • • •, K) and t E C{F] H). We can write A = ® Vj, 

i=i 

with e L, {Tj)^i E i^{C{Ei,...,En)) and (|/j)“i G ioo{F). Dehning Sj : = 

Tj o (i?i,..., Bn) and Zj = t{yj) for every j E N, we have 

OO 

t o Ao{Bi, Bn){xi, = XjSj <^Zj{Xi,..., XmJ 

t=l 

for all xi, E El,..., Xn ^ En- It is clear that {zj)’^^ E ioo{H) and 

\\iz,)%i\\oo < \\t\\ ■ \\{yj)T=i\U. 

Given a linear functional ^|J E C{Gi,..., considering the continuous linear operator 

: C{Ei, ...,En) —^ C{Gi,GmJ dehued by 

L{Bi,...,Br,)(T) = T o (Bi,..., Bn), 

as'll: o Li^Bi,...,b„) e C{Ei,..., En)' and (Tj)°Li G e^{C{Ei, ...,En)), we have 

OO OO oo 

= 'E^'t'iTio{Bu...,B„))r = j2MkB, .B.)W))r 

j=i j=i j=i 

OO 

= E li*° kB, .B„)TO)r < Wi’ o l,b, .B.,ir ■ IITO)“ili;,, < «D, 

i=i 


This shows that (S'j)^i G i'^{C{Gi,..., Gm^)), hence ^ AjSj G) Zj is a representation of 


i=i 


t o Ao (Bi,..., Bn) as in ([3]). So f o A o (Bi,..., Bn) is hyper-(s, r)-nuclear and 
lit o A o [Bi,..., Bn)\\cnj,,^^, < ii(A,)“iiis • ii(^,)r=iiu,. • ii(^,)r=iiioo 

(^i)^illoo 


(s,r) - \\\'-j:j=u\v],r 

<ii(A,)r=iiis-ii^(B,,...A)ii-ii(Ti)“iy^ 

< ||(A,)- ill, • ||i?i|| • • • II5.II • ||(T,)- ilU,, • ||(^,)“i||oo 

< ll^ll ■ [ll(A.)r=lll* • m)T=lL,r • ||(%)~ll|oo] • ||5l|| ■ ■ ■ ||i?n||. 


Taking the inhmum over all hyper-(s, r)-nuclear representations of A we have 


\\toAo{Bi,...,Bn)\\cHU 


<ll^l|-Pllz:«^^^,^^-||5i||---||5n||. 


□ 


Corollary 3.7. The class {C-bm-, || ■ Wchn) of h'yper-'nuclear multilinear operators is a 
Banach hyper-ideal and ^ Id-uM- 


10 


Proof. Make s = 1 and r = oo in Theorem 13.61 to obtain the first assertion. The inclusion 
is obvious and the classes are different because is not a hyper-ideal fExample 13.4p . □ 


To show that CuM is the smallest Banach hyper-ideal we need the following charac¬ 
terization of hyper-nuclear norm: 

Lemma 3.8. For every operator A G Cnj\f{Ei ,..., En] F), 

{ OO 

l^il ■ ll^ill ■ hj 

j=i 



where the infimum is taken over all representations of A as in 


OO 


Proof. Given a representation ^ \jTj ® yj of A as in ([3]), we can assume Tj ^ 0 and 

i=i 

yj 7 ^ 0 for every j G N. Defining the sequences C K, C C{Ei,..., En) and 

C F by 


fij Aj||Tj|| ■ lli/jll, Sj 



and Zj 


Vj 



OO 

it is easy to check that Pj^j ^ is a representation of A as in ([3]) as well. Then 

i=i 


iI'^iuk.v < ii(ft)”iiii ■ ii(s7r..ii» ■ iife)r.iii~=Z ■ ii»ii- 

i=i 

Taking the infimum of over all representations of A we obtain one inequality. The reverse 
inequality follows immediately from the definition of the hyper-nuclear norm. □ 

Theorem 3.9. The class (D-^aa, || • IIu-hat) hyper-nuclear multilinear operators is the 
smallest Banach hyper-ideal, in sense that if {Pi, || ■ ||^) is a Banach hyper-ideal, then 
Ehm E PL and || ■ \\n < || ■ Wcum- 

Proof. Let ("H, || ■ \\n) be a Banach hyper-ideal. Let A G ChN'{Ei, ..., En, F) and let 

OO 

Yf ^jTj ® yj be a representation of A as in ([3]). Given e > 0, let /cq G N be such that 
i=i 


■ \\Tj\\ ■ \\yj\\ <e 

j=k 

for every k > k^. As is a hyper-ideal, calling on Theorem 13.21 we have 


(7) 


Bk AjTj ® yj G Cjr{Ei,..., En, F) C PL{Ei,..., En, F) 

i=i 

for every k. For all k > i > ko. Proposition 12.41 gives 


\Bk — Bf\'ki — 


AjTj ® yj 

j=i+l 


H t=*+l 


H = l^il ■ IIT^II • WVjW < £, 

j=i+l 
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showing that is a Cauchy sequence in the Banach space 'H{Ei,..., E). Then 

there is 5 G , En] E) such that Bk B. From (E]), || • || < || ■ ||^, so Bk -4- B. 

By ©it follows easily that B^ -4- A, thus A = B. Hence A G , En] E), proving 

that C-u^f C "H. Using Proposition 12.41 once again, 

CO OO CO 

\\A\\n < \\XjTj^yj\\-H = Y l^il ' WTj^VjWn = Y 

j=i j=i j=i 

Taking the inhmum over all hyper-nuclear representations of A, from Lemma iTSl it follows 
that \\A\\n < □ 

4 Composition ideals and multilinearly sequentially 
continuous operators 

This section has a twofold purpose. First, using the notion of composition ideals, we show 
that many important multi-ideals are hyper-ideals, for example the classes of compact and 
weakly compact multilinear operators. Second, we introduce the class of multilinearly 
sequentially continuous operators as a response, in the realm of hyper-ideals, to the fact 
that the multi-ideal of weakly sequentially continuous multilinear operators fails to be a 
hyper-ideal. 

Definition 4.1 (Composition ideals). Given an operator ideal X, an n-linear opera¬ 
tor A G C{Ei,..., En] E) belongs to the composition ideal X o £, in symbols, A G 
X o C{Ei,..., En] E), if there exist a Banach space G, a linear operator u G X{G]E) 
and an n-linear operator B G X(Ui,..., En] G) such that A = u o B. li (X, || • ||x) is a 
p-normed operator ideal, 0 < p < 1, we dehne 

\\A\\^.c = ini{\\uh-\\B\\h 

where the inhmum is taken over all factorizations A = uo B with u belonging to X. 

It is well known that (X o X, || ■ \\xoc) is a p-normed (p-Banach) multi-ideal whenever 
(X, II • ||x) is a p-normed (p-Banach) operator ideal. Details can be found in [S]. 

Theorem 4.2. If X is an operator ideal, then X o C is a hyper-ideal. If (X, || • ||i) is a 
p-normed (p-Banach) operator ideal, then (XoX, || • ||io£) is a p-normed (p-Banach) hyper¬ 
ideal. In particular, if X is a closed operator ideal, then X o C is a closed hyper-ideal. 

Proof. As we know that X o X is a (p-normed, p-Banach) multi-ideal, all that is left 
to be checked is the hyper-ideal property. Let Bi G C{Gi,... ,Gmi] Ei),..., Bn G 
E{Gnin-i+i, • • •, Gmn] En), where mi < • • • < m„, A e X o X(Xi, ...,En]E) and t G 
C{E]H). We can write A = v o G, where G G C{Ei,..., En] Ei) and v G X(Xi;X). 
Dehning u := toy ^ di{Ei] H) and D := G o (H^,..., Bn) G X(Gi,..., GmP, Ei), it follows 
that 

to Ao (Hi, . . . , Bn) =to{voG)o (Hi, . . . , Bn) = (t o u) O (C o (Hi, . . . , Bn)) = UO D, 
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which proves that t o Ao (^Bi,..., Bn) G X o C{Gi,..., GmA H). Furthermore, 


\\to Ao {Bi,... ,Bn)\\xoc = \\{t o v) o {G o {Bi,..., Bn))\\xoC 

< \\tov\\x-\\Go{B,,...,Bn)\\ 

< \\t\\-[\\v\\x-\\G\\]-\\B4---\\Bn\\. 

Taking the infimum over all possible factorizations we get 

\\t O Ao (Bi, . . . , Bn)\\xoC < ||f|| • ||^||lo£ ■ Il-Blll ■ ■ ■ ll-Bnll- 

The last assertion follows from the former ones and [H Corollary 3.8]. □ 

Example 4.3. A multilinear operator A G C{Ei, ..., En] E) is said to be compact {weakly 
compact) if A{Bei, ■ ■ ■, Be„) is a relatively compact (relatively weakly compact) subset of 
E. By /C and W we denote the closed ideals of compact and weakly compact operators, 
and by Ck. and Cw the classes of compact and weakly compact multilinear operators. 
Pelczyhski [28] showed that 


Cjc = 1C o C and £vv = W o £. 

By Theorem 14.21 the classes of compact and weakly compact multilinear operators are 
closed hyper-ideals. 

Let us take a look at another well studied closed multi-ideal (see, e.g., [21 [min]): 

Example 4.4. A multilinear operator A G C{Ei, ..., Ea, E) is said to be weakly sequen¬ 
tially continuous if A(a;j,..., x”) —> A(xi,..., x„) in the norm of E whenever is 

weakly convergent to xi in Ei, I = 1,... ,n. The class of weakly sequently continuous op¬ 
erators is denoted by Cwsc- As continuous linear operators are weak-to-weak continuous, 
it is immediate that Cnjsc is a multi-ideal. It is not difficult to prove that it is a closed 
multi-ideal. On the other hand, let us see that Cwsc is not a hyper-ideal. In fact, as the 
sequence {ei)’^i of canonical unit vectors is weakly null in £2 and non-norm null in £ 1 , the 
continuous bilinear operator 

A: £,x £ 2 ^ £ 1 , A((x,)°Li, (2/,)-i) = (x,2/,)-i, 

fails to be weakly sequentially continuous. If Cnjsc were a hyper-ideal, by the Schur 
property of £i we would have A = Id^ o A G jCwscC£2', £i)- This contradiction shows that 
Cwsc fails the hyper-ideal property. 

Now we need a closed hyper-ideal to play the role Cwsc plays the in context of multi¬ 
ideals. Let CC be the closed ideal of completely continuous linear operators (weakly 
convergent sequences are sent to norm convergent ones). If we just think of a closed 
hyper-ideal "H whose linear component is CC, that is = CC, then the composition ideal 
CCoC arises as a natural candidate. Let us stress that CC o £ is not a good solution. First, 
the definition of multilinear operators belonging to CC o £ is not a multilinear analogue 
of the definition of linear operators belonging to CC. Second, CC o £ seems to be rather 
small. For example, coincidence situations are extremely rare for CC o £: reasoning as in 
[9] Proposition 3.3] we have 
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CC o C.{E\^ ..., En\ F) = C{Ei,..., En, F) for every F if and only if the completed 
projective tensor prodnct Ei<S)tt ■ ■ ■^T.En has the Schur property. 

The Schnr property on projective tensor products is a complete mystery. The following 
long standing problem (cf. [HI [23]) unfolds that we know nothing about it: 

Open Question 1. Does E®.,^F have the Schur property whenever E and F have the 
Schur property? 

So, we believe there is room for a closed hyper-ideal that replicates in the multilinear 
setting the essence of completely continuous linear operators and that is, at least formally, 
larger than CC o C. Here is our proposal: 

Definition 4.5. Let Ei,... ,Enhe Banach spaces. We say that a sequence ((x],..., 
in El X ■■■ X En converges multilinearly to (xi,..., x„) G i?i x • • • x if T(x],..., x") —> 
T(xi,..., Xn) for every n-linear form T G C{Ei, ..., En). 

We say that an operator A G D(i?i,..., En] F) is multilinearly sequentially continuous 
if A(x],...,x") —> A(xi,..., Xn) in the norm of F whenever ((x],..., x'j))'^i converges 
multilinearly to (xi,..., x„). In this case we write A G CmsdEi ,..., En] F). 

It is worth noting that multilinear convergence is no regular convergence. For example, 
let us see that the limit is not unique in general and that multilinear convergence does 
not imply coordinatewise boundedness: 

Example 4.6. Let E be a Banach space and 0 ^ x E E. For every bilinear form 
T G C^E), 

^ x) ^ 0 = T(0, y) = T{y, 0), 

for every y E E. Thus, {jx,-^)'^i converges bilinearly to (0,?/) and to (|/, 0) for every 
y E E. Besides, the sequence {jx)'^i is unbounded in E. 

Fortunately, for our purposes the following boundedness is sufficient: 

Lemma 4.7. Suppose that ((xj,... ,x'^))JLi Ei x ■ ■ ■ x En converges multilinearly to 
(xi,... ,x„). Then there exists iF > 0 such that ||x]|| • • • ||x”|| < K for every j E N and 
||a:i|| • • • lla^nll < K. 

Proof. Let (p E {Ei®t, ■ ■ ■ ®T,En)'■ By the universal property of the projective tensor 
product (see, e.g., [311 Theorem 2.9]), there is an n-linear form B E C{Ei,... ,En) such 
that B{xi ,..., Xn) = p}{xi 0 • • • (D x„) for all Xi G Ei,..., x„ G En- From the multilinear 
convergence of ((x],..., x"))^^ we have 

(^(x] <8 • • • (8 x”) = i?(x],..., x”) —)■ B{xi ,..., x„) = ip{xi <8) • • • <8 x„). 

Thus (xj <8) • • • <D x)l')fSi is weakly convergent to Xi <8) • • • (8) x„ in • • • ®-nEn- By [HI 

Proposition 3.5(iii)] there exists iF > 0 such that 

Ikjll ■ ■ ■ ll^i II = (8) • • • ® x”) < K 
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for every j G N, where Tr{z) denotes the projective norm of z G • • • ^vr-E'n, and 

11^1 II ■ ■ ■ ll^nll = ^(^1 (8 • • • <8 Xn) < liminf ||xj|| • • • ||x”|| < K. 


□ 


Theorem 4.8. The class Cmsc of multilinearly sequentially continuous operators is a 
closed hyper-ideal, CC = ond CC o £ C Cmsc- 


Proof. The equality CC = C^sc follows immediately from the dehnitions. The proofs 
that CC o £ C Cmsc and that any component Cmsc{Ei ,..., En] F) is a linear subspace of 
C{Ei ,..., En, F) are standard and we omit them. So, Cmsc contains the hnite rank opera¬ 
tors. As to the hyper-ideal property, let 1 < mi < • • • < m„, Bi G C{Gi ,..., GmP, Ei ),..., 
En ^ 1 + 1 ) • • • ) GmpEn), A G Cmsc{Ei,..., Em] E) and t G C{E;H) be given. 

Suppose that the sequence ((xj,... in Gi x • • • x Gm„ converges multilinearly 

to (xi,..., Xm,,)- For every n-linear form T G C{Ei ,..., En), as T o (i?i,..., Bn) G 
£(Gi,.. .,GmJ, we have 


r o (Bi, ........j”») = r o ....,i”-)) 


J 


- >T o{Bi,...,Bn)iXi,...,XmJ 

T(^Bi (xi, . . . , Xmi ))•••) En{Xmn-i+ly • • • ) ^m„)) • 


This shows that the sequence ((i?i(a;],..., xj '^),..., Bn{xJ '’^~^~^^,..., a;”*")))^i converges 
multilinearly to ..., XmJ,..., Bn{xm,,_i+i, ■ ■ ■, Xmn))- Since A is multilinear se¬ 

quentially continuous, the sequence 


(A(5i 


.X 


i’ 


Gj 


Bn{x 






0)) 


oo 


converges in the norm of F to 


A{Bi (xi, . . . , Xmi ))•••) En{Xm„-i + l y ■ ■ ■ y ^m„)) • 

As t is continuous, (t o A(i?i(a;],... yx)^^),..., Bn{xJ'''~^~^^,... ,xj'")))f^^ converges in the 
norm of H to 

t o A{^Bi{xi, . . . , Xmf)y ■ ■ ■ y Bn{Xmn-i+ly ■ ■ ■ y ^mn))y 

proving that toAo {Bi,..., Bn) e Cmsc{Gi ,..., GmP H). 

Now we prove that CmsdEi ,..., En, F) is closed in C{Ei ,..., En, F). To do so let 

iAj)jZi C Cmsc{Ei ,..., En, F) be such that Aj A G C{Ei ,..., En, F). Suppose that 
the sequence ((x^,... ,a:^))^i converges multilinearly to (xi,... ,Xn) G x • • • x En- 
From Lemma 14.71 there is iC > 0 such that ||a:^|| ■ • • ||x^|| < K for every /c G M and 
HailII • • • ||ain|| < K. Given e > 0, choose jo G N such that ||A — Aj^\\ < As Aj^ G 
Cmsc{Ei,..., En, F), there exists /cq G M such that 

II^JO • • • ) ^k) -^jo (^1) • • • ) ^n) 11^2 

for every k > ko. Then, 

WM^ly-yXl) - A{Xi,...,Xn)\\ 
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< \\A{xl,...,xl)-Aj^{xl,...,xl)\\ + \\Aj^{xl,... ,xl) - Aj^{xi,... ,Xn)\\ 

+ \\Aj^{xi, ...,Xn)- A{xi ,... ,a:„)|l 

< P-^ioll • Ikfcll •••Ikfcll + Pio(4)--->a:fc) - 
+ ll^io -^11 • Il^i||---Il^n|| 

< ^ • II4II • • • \K\\ +1 + ^ ■ ll^ill • • • ^ 

for every k > k^. Thus A{x \,..., x^) —> A{xi ,..., Xn) in the norm of F, which proves 
thaX A e Crasc{,Ei,. .. ,En]F). □ 

Sometimes the classes CC o C and Cmsc coincide: 

Proposition 4.9. If ■ ■ ■ '^j^En has the Schur property, then 

EmsciEi,..., En, E) = CC o C{Ei, ...,En]E)= £(Fi,..., F„; F), 

for every Banach space E. 

Proof. As we have already mentioned, reasoning as in [9l Proposition 3.3] we prove that 
CCo£(Fi,..., En] E) = F(Fi,..., F„; F). From Theorem l4.8l we know that CCoC c Cmsc, 
what completes the proof. □ 

The only two cases we know that Fi^^r • • • ® 7 rF„ has the Schur property are the 
following: (i) for every n; (ii) BP®t^BP has the Schur property, where BP 

is the space constructed by Bourgain and Pisier [10]. To the best of our knowledge, it 
is unknown whether FF(^^FF^^FF has the Schur property or not. Such few examples 
after so many years make us believe that the answer to Open Question 1 shall turn out 
to be negative. Although we cannot prove it, we believe that if CC o C = Cmsc, then the 
solution to Open Question 1 will be affirmative. That is why we pose the: 

Open Question 2. We conjecture that CC o C ^ Cmsc- 
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